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General Instructions
e Writing time — 2 hours
e Write using black pen.

e Board-approved calculators and
templates may be used.

Total — 70 Marks
e All questions may be attempted.

Section I — 10 Marks
e Questions 1-10 are of equal value.

e Record your answers to the multiple
choice on the sheet provided.

Section II - 60 Marks

e Questions 11-14 are of equal value.

e All necessary working should be shown.

e Start each question in a new booklet.

Checklist

e SGS booklets — 4 per boy
e Multiple choice answer sheet
e Reference sheet

e Candidature — 73 boys

Collection

e Write your candidate number on each
answer booklet and on your multiple
choice answer sheet.

e Hand in the booklets in a single well-
ordered pile.

e Hand in a booklet for each question
in Section II, even if it has not been
attempted.

e If you use a second booklet for a
question, place it inside the first.

e Write your candidate number on this
question paper and hand it in with your
answers.

e Place everything inside the answer
booklet for Question Eleven.

Examiner
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SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet

handed out with this examination paper.

QUESTION ONE

The parametric equations of an ellipse are:

A

xr =acosf and y = btan

C

(A)

(B) 2 =acosf and y = bsinf
(C) x =asecl and y = btan @
(D)

D) x =asech and y = bsinf

QUESTION TWO

1
dx .
\/16 — (z + 3)?

1 .1 33'"‘3
(A)Zsm <4 )+C

1 1 ({r+3
(B) Ztan ( 1 )+C
(C) sin™* (931—3) +C

(D) tan~? (‘” i 3) ‘C

Determine /

4

QUESTION THREE

The number 2(cos ™ — isin7) is:

A

rational

B) undefined

C

irrational

(
(
(
(D

)
)
)
)

purely imaginary

Examination continues next page ...
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QUESTION FOUR

A polynomial P(z) with real coefficients has odd degree. Which of the following sentences
must be correct?

(A) The minimum number of real zeroes of P(x) is 1.

(B) The minimum number of real zeroes of P(z) is 0.

(C) The minimum number of non-real zeroes of P(z) is 1.
(D)

D) The minimum number of real zeroes of the derivative P’(z) is 1.

QUESTION FIVE
The equation z* + 223 + 8z + 16 = 0 has a double root at:

(A) 2 =1—3i

QUESTION SIX

4
Consider the integral I = / 234/16 — 22 dxz. Which is a true statement?
-2
4
(A) I:/ 3/16 — 22 dx
2
2 4
(B) I = 2/ 3/16 — 22 dx +/ 3/16 — 22 dx
0 2
-2
(C) I:/ 23y/16 — 22 dx
—4
-2 0
(D) I = / 23/16 — 22 da:-|—2/ 23v/16 — 22 dx
—4 -2

QUESTION SEVEN

A polynomial P(z) has real coefficients and P(3i) = 0. Which of the following must be
true?

(A) P(x) has a quadratic factor that has no real roots.
(B) P(3) =i

(© P((30?) =0,

(D) P(x) is a polynomial of odd degree.

Examination continues overleaf ...
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QUESTION EIGHT

v

[,
()
%)
|l €-------—-------->
[
v
=

An ellipse centred at the origin has a focus at S(3,0) and a directrix at x = d, where d > 0.
The ellipse also passes through the point P (3, %)

Find d if the eccentricity of the ellipse is 2.

3
5

(A) d=12
(B) d =35
(C) d=2
(D) d= %

QUESTION NINE

The following graph displays the distance x of a particle from a fixed point O over time ¢.

X
/

4

v

0

t

Which of the following could NOT describe a possible motion of the particle for ¢ > 07

(A) The particle is at rest.

(B) The acceleration of the particle is constant.

(C) The particle is undergoing uniform circular motion about O.

(D) The path of the particle is a parabola.

Examination continues next page ...
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QUESTION TEN

The point Z represents the complex number z. The intervals OZ and ZW are equal in
length and perpendicular, as shown. The point P is the foot of the altitude from Z to

ow.

Im?

w

0

Re

The point P represents which complex number?

(A) biz
(B) Liz?

(C) 3(z +i2)
(D) (2 —iz)

End of Section 1

Examination continues overleaf ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.

Show all necessary working.

Start a new booklet for each question.

QUESTION ELEVEN (15 marks) Use a separate writing booklet.

2

X
Find | ——dzx.
(®) m/m‘”

(b) Express the polynomial P(z) = z® — 52% + 11z — 15 as a product of linear factors.

(¢c) (i) Expand (z —1+1) (x —1—1).

(ii) Consider the polynomial P(z) = 2® + kx — 5, where k is real. The remainder

when P(z) is divided by z* — 2z + 2 is 92 — 9. Find k.

(d) (i) Find values of A, B and C, such that

da? +11 ,_B _C
(2z +3)(x +4) 20 +3  x4+4°
1 2
4 11
(ii) Hence, or otherwise, find / Tt dx .
—1 (22 +3)(z +4)

(e) A block of mass 4kg moves in a straight line across a flat surface. At time ¢ seconds
its displacement from a fixed origin is x metres and its velocity is v metres per second.
The variable force acting on the block is 18 — 8z Newtons. When x =4, v = 2.

Find v2 in terms of z.

Examination continues next page ...
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QUESTION TWELVE (15 marks) Use a separate writing booklet.

(a) Consider the hyperbola x = 3secf, y = 2tan 6.
(i) Find the Cartesian equation of the hyperbola.
(ii) Find the equations of the asymptotes of the hyperbola.
(iii) Find the foci of the hyperbola.
(iv) Sketch the hyperbola, showing asymptotes and any intercepts with axes.
(b) An object of mass m is dropped and is then subject to gravity and air resistance.
When its displacement is « metres, its velocity is vms™!. The magnitude of forces

acting on the object are gravity mg Newtons, and air resistance kv? Newtons, for some
positive constant k. Take downwards as positive.

Write down an expression for the acceleration of the object and hence find an expres-
sion for the terminal velocity Vr.

1
1

(c) Use the substitution x = 2sin € to find / (7 dzx.

0o (4

_ 332)%
(d) Consider the polynomial P(z) = x* — 52 — 22 — 8 with zeroes «, 3 and 7.

(i) Find a simplified polynomial expression @(x) with zeroes %, g and %
(ii) Hence, or otherwise, find a polynomial T'(z) with zeroes
3y

3a 3
7+ﬁ+’y,a+7ﬁ+’yanda+ﬁ+7.

Examination continues overleaf ...
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QUESTION THIRTEEN (15 marks) Use a separate writing booklet. Marks
. . n1r Y1y
(a) You may assume the equation of the tangent to a hyperbola is i R 1 and the
a
. . Lo Yol .
equation of the chord of contact is —- — 32 = 1. Do NOT prove these equations.
a
2 Y2
For the h la — — —— =1, find:
or the hyperbola 59r 144 , find

(i) the chord of contact from the point (15,6), and

[es][=]

(ii) the two tangents to the hyperbola passing through the point (15,6).

1
(b) Consider the integral I,, = / (1 + 332)n dx , where n is a non-negative integer. Use
0

2n 2n
int tion b ts to show that fi >1,1,= Ln_1.
integration by parts to show that for n > 1, 2n+1+2n+1 1

(c) Consider the polynomial equation ®> — 32% — 22 — 1 = 0 with roots a, 3 and ~.
(i) Find the polynomial equation with roots a?, 3% and 2.

(ii) Find o282 + 42 + 3242.

(d) The tangent to the hyperbola zy = ¢ at the point T (ct, %) meets the x-axis at P
and the y-axis at (). The normal at T" meets the other arm of the hyperbola at V.

y!i xy:cz

v

You may use the equation for the tangent at T given by z+t%y = 2¢t and the equation
c

for the normal at T' given by t?z — y = ct> — 7 Do NOT prove these.

(i) Find the co-ordinates of P and Q.

(ii) Show that the co-ordinates of V' are (—t%, —ct3).

(][] [=]

(iii) Show that APQV is isosceles.

Examination continues next page ...
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QUESTION FOURTEEN (15 marks) Use a separate writing booklet. Marks

(a) Show that the equation of the normal to an ellipse at the point (a cos 6, bsin 6) is given
ax by o 2

cosf sinf

(b) A ball of unit mass is projected vertically upwards from ground level with initial

velocity Ums™*.

Take the point of launch as the origin. At ¢ seconds after launch, the displacement
from the origin is # metres and the velocity is v ms™!. Take upward motion as positive.

The resistive force due to its passage through the air is proportional to the velocity

of the ball and the equation of motion is & = —kv — g for some constant k£ > 0.
U kU
(i) Show that the greatest height achieved is H = =~ % log, (g + )
g

The ball reaches its maximum height and begins to fall back towards the ground.

Assume that at time ¢ seconds after the ball starts to fall, the displacement is y metres
and the velocity is wms ™, from the point at which it begins to fall. Take downward
motion as positive. The equation of motion is § = —kw + g.

(ii) It hits the ground when y = H. Show that in terms of the velocity W ms™! at
which the ball hits the ground,

—W g g
H=——+>1 .
2 +k2 Oge(g—k )

U w
(iii) Let T'= % be the terminal velocity and Ur = T and Wp = ra be the ratios of
the launch and impact speeds to the terminal velocity respectively. Show that

14+ Ur
1-Wp )~

(iv) Show by substitution that if the ball is thrown at 50% of the terminal velocity
then it will impact at approximately 37% of the terminal velocity.

Ur +Wp = loge (

Exam continues on the next page

Examination continues overleaf ...
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QUESTION FOURTEEN (Continued)

2 2

(¢) The circle 2% + (y — r)° = 72 is tangent to the curve y = (2 — %)2 at two points A

and B, as shown.

VA

V=

A

3
T v 2

(i) Show that at the points of contact, u* — 2u?r + u + % =0, where u = 2% — % .

(i

(iii

Explain why 4u> — dur +1=0.

There is a single real solution for u, for which |z| < 3. Find this solution.

)
)
)
)

(iv) Find the radius of the circle.
End of Section II

END OF EXAMINATION
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